Steepest descent control laws can be used for formation shape control based on specified inter-agent distances, assuming point agents with single integration of the control action to yield velocity. Separately, it is known how to achieve equal velocity for a collection of agents in a formation using consensus ideas, given appropriate properties for the graph describing information flows. This work shows how the two concepts of formation shape control and flocking behavior can be combined when one changes from an agent with single integration to one with double integration and our new contribution is to do this when, as is common, there is a leader in the formation.
Introduction
In recent years, there has been much attention given to the control of formations of multiple agents to achieve certain objectives. Indeed the contributors in this area include Professor Shinji Hara, who has considered the achievement of certain formation-level objectives (e.g. encircling a target with an equiangular formation while at the same time the individual formation vehicles have nontrivial dynamics [1] ). The class of formation control problems that have been considered includes formation shape control, where the formation's agents are controlled so that the formation takes up a particular shape whose orientation and centre of mass position are irrelevant.
Most of the literature assumes point agents operating in R 2 and we shall do that too. Shape control under these circumstances proceeds from a nominated set of interagent distances d * ij , ij ∈ E, where E refers to the edge set of a graph G = (V, E). The set V denotes the vertices, which correspond to the individual agents. When agents i, j at the end of an edge ij are aware of its current and desired length, there exists a gradient based control law which moves the formation to an equilibrium; each agent uses the relative positions of its neighbors (two agents being neighbors if the corresponding vertices of the graph are adjacent), and the desired distances to its neighbors. This enables construction of a distributed control law, which expresses the agent velocity in terms of the measurement data available to the agent in question, and the desired distances. Further, the agents do not need to share a common coordinate basis. A comprehensive treatment can be found in e.g. [2] .
Another class of formation control problem arises when one wants all agents in a formation to assume a common velocity. This is a consensus problem. Associated with it is an information graph, which in general is directed; there is an edge directed from vertex i to vertex j when agent i's velocity is available to agent j. Of course, it is not precluded that information exchange is reciprocal, and in this case an undirected graph can be used. In the directed case, when the graph has a spanning tree (or equivalently has a unique closed strongly connected subgraph), consensus can be achieved. If one agent has no incoming edges, it is a leader and there are directed paths from it to every agent, all agents acquire its velocity, assuming the graphical condition holds. In the undirected case, the graph simply needs to be connected. When consensus can be achieved with an undirected information graph, and then one agent is designated as a leader, its incident edges are all converted to outwardly directed edges and consensus is again achievable, based on the leader's velocity. These results can be found in [3] and are reviewed further below.
Our aim in this chapter is to show how one can control a formation so that both objectives of shape control and sharing of a common velocity are achieved. (The common velocity may be that of a leader, or an average of the velocities of all the agents). Note that it does make sense to consider the objectives separately in terms of formation operations. One can well imagine that a formation has assembled in a correct shape and moves from point A to point B, at which point it turns. To accommodate the turn, one simply uses consensus-with-a-leader, and one would want the shape control aspect to take care of itself. That concept is achieved in our scheme. This idea has also been considered by Olfati-Saber [4] , Tanner et. al. [5] , and Dimarogonas and Johansson [6] , but these authors assume that the graphs underlying formation shape control and consensus are undirected, and the formation therefore can have no leader. Our main contribution is to consider the case where there is a leader in the formation, so that the graph underlying consensus is directed. The stability analysis is performed using a Lyapunov function.
The structure of the chapter is as follows. In the next section we define the notation, and provide formal statements of the separate results for shape control and consensus velocity control. Section 3 indicates how to combine the two ideas, and section 4 contains simulation results. Conclusions and suggestions for future work are presented in section 5.
2 Review of background theory
Notation
We consider n point agents in R 2 , with the i-th agent located at p i . We denote by d ij the distance between agents i, j: d ij = ||p i − p j ||, and we let d * ij denote a specified or desired distance between the same agents. We denote by N i the neighbor set of agent i, or the set of agents j for which d * ij is specified. We let p denote the vector of all agent positions stacked together. Likewise, q i =ṗ i will denote the velocity of agent i, and q =ṗ will denote the vector of all agent velocities stacked together.
For shape control purposes, an underlying undirected graph G = (V, E) is specified where V is a list of vertices, one corresponding to each agent, and E a list of agent pairs (edges of the graph) where it is assumed that ij ∈ E if and only if d * ij is specified and d ij (t) at any time t is known to agents i, j.
Shape control
In most shape control problems, it is usual to postulate that the set of edges E defined by the distance data ensures that the associated graph G is at least rigid, if not globally rigid. Equivalently the formation is generically rigid, if not generically globally rigid. See [7] . Rigidity means that if a formation is such that at some time t there holds d ij (t) = d * ij for all ij ∈ E, then the only continuous motions of the formation are ones which preserve its shape, i.e. when the formation moves, so that the geometric figure after the move must be congruent with that before the move. Global rigidity means that all formations achieving the specified distances are congruent, i.e. differ at most by translation, rotation, or reflection. Note that there exists rigid but not globally rigid formations. Consider for example a formation with four agents, and with specification of the lengths of edges 12, 23, 31, 24, 41. It is not hard to see that the formation comprises 2 triangles, 123 and 124 with a common base. The triangle shapes are individually determined. However, one may have the two triangles on the same or on opposite sides of the base and be consistent with given distance data. Of course, there is no continuous motion preserving nominated distances and carrying one of these formation shapes into the other.
It is valid to attempt to control a formation to a given shape. Typically a function measuring the error between the current formation and the desired formation is specified. One such choice is
Notice that this expression is invariant under translation, rotation or reflection of the formation. Variants on this expression include adjustments to penalize excessive closeness of agents, and excessive separation of agents, reflecting the desire to avoid agent collisions, and to maintain agents in contact with one another, when communication over long distances may fail. See for example [6, 8] .
The control law used is simply a steepest descent law, thuṡ
The particular equation for agent i iṡ
As is typical for shape control laws, motion of agent i is defined solely using the agent's own neighbors; their relative positions (in agent i's coordinate base) are required, as is the distance error. As shown in e.g. [2] , convergence of the formation shape always occurs. With the particular index above, the centre of mass of the formation (i.e. n i=1 p i ) remains constant. The question of whether convergence occurs to a correct equilibrium, i.e. one at which the specified distances are attained, has been considered in much detail; for formations of three or more agents, there are always multiple equilibria including the correct equilibria, and the latter are always attractive, so local convergence around a correct equilibrium is guaranteed. The existence of attractive incorrect equilibria can so far only be excluded in a limited number of cases; for example, for a triangular formation, none of the incorrect equilibria, which involve either two or three agents being collocated or three agents being collinear, are attractive. In all cases, equilibria are not isolated: this is because any rotation or translation is also an equilibrium. This fact makes more difficult the convergence analysis of equilibria. Nevertheless, with the aid of centre manifold theory, exponential convergence to zero of V (p) and thus the individual distance error terms such as (d 2 ij − d * 2 ij ) 2 can be demonstrated in the vicinity of a correct equilibrium.
Flocking behavior
By flocking behavior, we mean the phenomenon that all agents in a formation acquire an identical velocity. LetḠ = (V,
Define L = L ⊗ I 2 . The consensus equation, defining how each agent adjusts its velocity given the information available to it, iṡ
For agent i, this isq
Then the following holds [3] : 
Combining shape control and flocking
Throughout this section, G denotes a shape control graph. We consider several possibilities for the consensus graphḠ.
Undirected consensus graph Theorem 2 Suppose there is an undirected consensus graphḠ meeting the conditions for consensus and an underlying formation shape graph G. Suppose that the consensus velocity law is defined byq = −Lq where L = L⊗I 2 with L the Laplacian associated withḠ, and with V (p) denoting a function invariant to translation, rotation or reflection serving as the basis of a steepest descent law, suppose the shape control law isṗ = −∇V (p). Consider the double-integrator model combining shape control and velocity consensus [5]:ṗ
= q (6) q = −Lq − ∇V (p)
Then all trajectories tend as t → ∞ to the set
Evidently, ifḠ is such that consensus is achievable without shape control, and G is such that formation shape control is achievable without consensus, then both objectives are achievable via the control law above. Observe that it marries the consensus control law with the shape control law, except that an additional integration is involved for the latter. 
Proof (Outline only). Take as a Lyapunov function
W (p, q) = (1/2)q T q + V (p),
Undirected consensus graph except for introduction of leader
Suppose now that an arbitrary agent, without loss of generality agent 1, is designated as a leader; equivalently, edges inḠ incident on that agent are all changed to be made outwardly directed while the remaining edges remain undirected. If before the change, the Laplacian matrix is
then after the change, the first row is replaced by 0. We shall assume further that the formation is travelling between waypoints, and that the leader velocity is constant. Relaxing this assumption requires substantial adjustment and will be considered elsewhere. Let the leader velocity be denoted by α. Let v denote a vector whose i-th entry is q i+1 − q 1 . Then it is easily verified that for the consensus problem without shape control, motion is governed byv = −(L 22 ⊗I 2 )v; the constraints on L assure that L 22 is positive definite, and so convergence is obvious. Suppose shape control is added to consensus. Let z i = p i+1 − p 1 and observe that the translational invariance of V (p) guarantees the existence of a functionṼ (z) with V (p) =Ṽ (z). Equations (6) are evidently replaced bẏ
Note that the motion of the leader agent is neither affected by the velocity of other agents nor any errors in distances between it and its adjacent agents in G. The stability of (9) can be studied with the Lyapunov func-
The Lasalle Invariance Principle easily shows that all trajectories converge to the set {(z, v) : ∇Ṽ (z) = 0, v = 0}. The condition v = 0 corresponds to consensus with leader velocity α and the condition ∇Ṽ (z) = 0 is equivalent to ∇V (p) = 0.
Directed consensus graph
In this subsection, we shall suppose that the initially given consensus graph G is directed and meets the conditions of Theorem 1. We proceed straight to the situation where a leader is selected. The following Lemma is pertinent. With G as defined in the above lemma, let ν be the identified vertex, and suppose it corresponds to agent 1. Let L be the associated Laplacian matrix. Then L has the following form:
Observe that since the consensus property is guaranteed, L has precisely one zero eigenvalue and the other eigenvalues have positive real part. Hence all eigenvalues of L 22 have positive real part. This means, see [3] , that there exists a diagonal positive definite matrix P such that
We now have 
which includes the equationq 1 = 0, (and ensures distributed control action for shape adjustment). Then all trajectories tend as t → ∞ to the set
Proof First transform the equations by setting 
Adopt as a Lyapunov function 
Simulations
Consider a three-agent formation, and suppose the Laplacian matrices used in the consensus algorithms in sec 3.1, 3.2 and 3.3 are denoted as L 1 , L 2 and L 3 , respectively. Thus for i = 1, 2, 3,
The goal is to make the agents form an equilateral triangle with the side length of 1, and make all agents move with the same velocity. Let ε ij = Fig. 1 shows E p and E q for the algorithms proposed in this chapter. 
Conclusions
Aside from the main result that consensus and shape control can be combined, the striking feature of the analysis is that for this to occur with the controls being injected in an additive fashion, shape control has to be done with a double integrator model, as compared with the situation when no consensus is sought, and a single integrator model is used.
There are open issues not addressed here, which we now record. First, it is known that for a shape control algorithm by itself, the local stability property associated with an equilibrium for which V (p) = 0 is actually one in which such an equilibrium is achieved exponentially fast, see e.g. [2] . The methods of this paper are not powerful enough to establish this conclusion. Since the conclusion in [2] relies on the use of centre manifold theory, that tool may be applicable here too. Second, we have not recorded a result on combining consensus and shape control when the consensus graph is directed but there is no identified leader. This is actually straightforward to do when the consensus graph is strongly connected. However, since consensus alone will occur if the graph has a unique closed strongly connected component, one would expect that the issue of combining for such a graph the consensus problem with the shape control problem should be addressable. Actually, this appears quite challenging in a technical sense. Third, we note that recent work on shape control alone has shown the possibility of achieving shape control in a finite time with the aid of switching functions, [9] . Switching functions are by nature discontinuous, and accordingly exis-
